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MULTISTABILITY HYSTERESIS AND OPTICAL PHASE LOCKING IN THE OP- 
TICAL FREEDERICKSZ TRANSITION W I T H  LINEARLY POLARIZED LIGHT AT 
NORMAL INCIDENCE 

GIANCARLO ABBATE, PASQUALINO MADDALENA, LORENZO MARRUCCI, LUIGI 
SAETTA, AND ENRICO SANTAMATO 
Dipartimento di Scienze Fisiche 
Pad.20 - Mostra d'oltremare, 80125 Napoli, Italy 

Abstract We report 
teresis. multistabil 
Optical - Freeder icksz 

the first experimental observation of hys- 
ity and locking of the optical phase in the 
Transition induced by a linearly polarized 

laser beam at normal incidence into a homeotropically aligned 
nematic film. The occurrence of these unexpected effects can be 
understood in terms of angular momentum transfer between the 
optical field and the medium. 

INTRODUCTION 

The Optical Frkedericksz Transition (OFT) was first observed in ne- 

matics by using a linearly polarized laser beam at normal 
1 incidence . The effect consists in a strong optically induced reo- 

rientation of the molecular dlrector in the sample when the laser 

intensity exceeds a characteristic threshold. 

It is commonly accepted that this effect is very similar to the 

well known Frkedericksz transicion induced in nematics by external 

static fields . It is argued, in fact, that, in view of the linear 
polarization of the light inside the sample, the liquid crystal mo- 

lecules feel an average field which is constant both in intensity 

and in direction. Accordingly, a l l  models proposed in the literature 

to explain the phenomenon retain this picture and lead to results 

that are very similar to the ones obtained in the static-field case. 

Nevertheless, some recent experiments3 have shown that the in- 

teraction between nematics and light is essentially different from 

the interaction between nematics and static fields because liquid 
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162 G .  ABBATE ET AL 

crystal can directly couple with the angular momentum carried by the 

optical field. In simple geometries, the transfer of angular momen- 

tum from the radiation to the liquid crystal may lead to Self- 

Induced Stimulated Light Scattering . This suggests that also the 
simplest case, namely the optical Freedericksz transition with 

linear light at normal incidence, could manifest completely new fea- 

tures having no analog in the static-field case. 

4 

In this work we present the experimental evidence of some of 

the unexpected effects that may occur when a linearly polarized 

laser beam is sent at normal incidence onto a homeotropically align- 

ed nematic film. These effects include multistability, hysteresis 

and birefringence locking. We will present also a very simple model, 

based on angular momentum transfer, which is in qualitative agree- 

ment with the observations. This model starts from different first 

principles and it is in no way similar to all previous works appea- 

red in the literature to model the Optical Freedericksz Transition . 5 

THE ROLE OF THE ANGULAR MOMENTUM OF THE LIGHT 

The main difference between optical and d.c. fields is that the for- 

mer can carry angular momentum due to the photon spin. Consider a 

C.W. laser beam of frequency w = 2n/)i impinging at normal incidence 

onto a thin film of nematic liquid crystal enclosed between two 

glass walls coated for homeotropic alignment. If the beam is linear- 
ly polarized it carries no angular momentum, on the average, along 
its propagation direction (z-axis). A s  it is well known, if the beam 

intensity at the sample exceeds a critical threshold I for the th 
OFT, a reorientation of the director n takes place in the sample. If 
the optical field remains linearly polarized everywhere in the me- 

dium, one expects that n will remain always in the plane of polari- 

zation of the beam. Denoting with 9 and 4 the polar and azimuthal 
angles of n with respect to the polar axis z [n = (sin9cos$, 

sin9sinQ, COS~), this means that only 8 is affected by reorienta- 

tion, while @ remains zero. A s  shown e.g. by Ong exploiting the pla- 

ne-wave Geometric Optics Approximation (GOA), above the threshold 
for the OFT, the distorted steady state [9=9(z), @=O], is stable 
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MULTISTABILITY. HYSTERESIS AND OPTICAL PHASE LOCKING 163 

6 against fluctuations in the polar angle 9 . The stability against 
$-fluctuations, instead, was simply assumed in Ong's and related 

papers. 
Now, a simple argument, based on angular momentum conservation, 

shows that this, indeed, is not the case and that the system may 

well become unstable with respect to fluctuations of the azimuthal 

$ -angle. 
Assume, in fact, a small fluctuation 6$(t) of the $-angle. Due 

to the homeotropic anchoring at the walls, we may assume that this 

perturbation corresponds to a small rotation, without twist, of the 

plane containing the steady-state distorted director n( z )  . The ab- 
sence of twist in the perturbation is expressed mathematically by 

the fact that 6$(t) does not depend on the z-coordinate . Since the 
birefringence axis of the medium is now out of the polarization pla- 

ne of the beam, the polarization of the light emerging from the sam- 

ple will be elliptically polarized, even if with a very small ellip- 

ticity. Angular momentum is therefore transferred from the beam to 

the medium, producing a nonzero small torque 6~ along the z-axis. 

The input light being linearly polarized, the sign of 6 T z  may be 

positive as well as negative, depending on the sign of the "elicity" 

of the light beyond the sample. This means that the torque 6rZ may 

either damp out or enhance the initial fluctuation 6 4 .  We expect, 

therefore, that the steady state n(z) may be stable or unstable, 

depending on the elicity value of the light beyond the sample. 

Roughly speaking, when the light beam crosses the sample, its pola- 

rization suffers a change in the elicity sign for a change of 71 in 

the phase retardation a between the ordinary and extraordinary wave 
in the medium. Owing to the laser-induced optical reorientation, for 

nematic films having thicknesses L 1) A ,  the phase difference CL may 
vary over many IT as the laser intensity I is increased, so that the 

stability of the state n(z) is reversed many times in a real experi- 

ment. Multistability and eventually hysteresis are therefore expec- 

ted. 
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164 G. ABBATE ET AL. 

A SIMPLE MODEL 
In this section an oversimplified model is presented describing the 

effects produced by the angular momentum transferred from the opti- 
cal field to the medium near the threshold for the OFT, in the case 
of linearly polarized light and normal incidence. In this model we 

used the plane-wave approximation (all fields depend on one spatial 

coordinate) and the GOA. Moreover, we will consider steady states 

only. 
Just above the threshold for the OFT, the polar angle 9 of the 

molecular director is very small and , for homeotropic alignment at 
the sample wall (planes z=O and z=L), its steady state value can be 

approximated by 8 

8 ( z )  = Smsin(nz/L) + 0(9~,), 
with 

9 m J[I(@)/Ith-1]/2B 

and 

B = i ( l  - k - 9 ~ / 4 )  

k = 1 - k,,/k,, 

u = 1 - (n /ne), 
0 

( 3 )  

kii being Franck's elastic constants and n the ordinary and ex- 

traordinary indices of the material (we assume n <n ). Finally, the 

threshold Ith for the OFT is given by 

n 
0, e 

o e  

Ith = [~k,,/(n~u)l('m/L)~. ( 4 )  

As mentioned above, in all previous works it was tacitly assu- 

med that, during the laser-induced reorientation, the director n is 

bounded to lie in the plane I$ = 0. But we know that, due to angular 

momentum transfer from the optical field to the medium, this is not 

- 

the case and we must account also for variations of $. 

A first consequence is that, since only the component of the 
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MULTISTABILITY, HYSTERESIS AND OPTICAL PHASE LOCKING 165 

optical field in the plane containing n is effective i n  changing the 

polar angle 9, the intensity I in Eq.(2) will depend in general on 

the azimuthal angle $, as explicitly indicated in Eq.(2). 

Denoting with I, the intensity of the incident beam at the sam- 
ple, we have, in fact 

I($) = I,cos2$. (5) 

On the other hand, the total (radiation + medium) angular mo- 
9 mentum balance, yields, for homeotropic alignment 

L 

0 
y j  (a$/at)sin29 dz = (I,/o>Ae, 

where y is a viscosity coefficient and Ae is the ellipticity change 

suffered by the polarization of the light in traversing the sample. 

We notice also that (I,/U) = NX , N being the photon flux in the 
incident beam. 

From this equations we see that at steady states, where 

a$Jat = 0, we must have Ae = 0 and the light emerging from the sam- 

ple is still linearly polarized as the incident light, eventually in 

a different direction. We notice that this conclusion arises from 

angular momentum conservation only, and it should be true, at steady 

states, even i n  the presence of very large optically induced distor- 

tions in the sample. 

Near the threshold for the OFT, however, the distortion is ex- 

pected to be very small. In particular, we may assume that the twist 

induced by the optical field into the sample is negligible, at least 
in the first approximation . 10 

Then, we assume $ = $(t), independent of the spatial coordinate 

z. (Notice that, in view of the homeotropic anchoring at the walls, 

a rigid rotation of n throughout the sample without twist does not 

requires any spent of elastic energy, so that, unlike 9, we cannot 

assume the $-angle itself small.) 

.. 

When twist is neglected, the distorted sample is optically e- 

quivalent to a retardation plate having its faster axis forming an 
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166 G .  ABBATE ET AL. 

angle $(t) with the polarization plane of the incident beam, the 

instantaneous phase retardation of the plate being 

Then, a very simple calculation shows that the instantaneous 

ellipticity of the light emerging from the sample is given by 

For steady states we must have Ae = e = 0, because of angular 

momentum conservation (e=O at the input plane.), so we see that stea- 

dy states are characterized by 

sin2+sina = 0. ( 9 )  

Moreover, when 9 is small, we may use Eq.(l) to get an approxi- 

mate expression for the integral appearing in Eq.(7), obtaining 

so that, using Eqs.(5) and (21 ,  we get 

Equations (9)  and (11) are a set of two transcendental equa- 
tions which determine the steady state values of the azimuthal 4 
angle and the phase retardation a. Once a is known, 9 is found from 

Eq.(lO). 
m 

It is worth noting that in practical samples the ratio (L/X)  is 

very large, so that even if Qm is small, the phase retardation may 
vary over many IT". For this reason, we cannot consider a small in 

Eq . ( 9 ) .  

From Eqs.(ll) and (12) we see that the system may have many 
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MULTISTABILITY, HYSTERESIS AND OPTICAL PHASE LOCKING 167 

steady states. One steady state always exists where 4 = 0 and 

ci = a(Io), as obtained from Eq.(12), with (I set to zero. This steady 
state was extensively studied in all previous works. But now we find 

out a number of new steady states corresponding to a phase retarda- 

tion a = nn, with integer n, and with azimuthal angles 4 given by 

the real roots o f  
n 

c o s 2 @  n = (Ith/I,)[l + 8n(B/u)(A/noL)1 (n = 1,2, ... ). (12) 

In these states the director n is out of the plane of polariza- 

tion of the incident light and the phase retardation of the sample 

is locked at an integer number of IT. In these states the sample be- 

haves as a $A-plate for odd n and as a A-plate for even n. From this 

we see that the polarization o f  the light emerging from the sample, 

being always linearly polarized at steady states, may be either ro- 

tated by an angle 24n for the states with odd n or remains unchanged 

for the state 4 = 0 and the states $I = 4, with even n. 

The steady state values 4 of the azimuthal angle are plotted 

in fig.1 as function of the incident reduced intensity I,/I We 

see that the branches 4 = 4n coalesce with the state @ = 0 at cha- 

racteristic threshold intensities I obtained from Eq.(12) by set- 

ting @ = 0: 

n 

th’ 

n’ 
n 

In = Ith[l + 8n(B/u)(X/noL)1 (n = 1,2 ,...). 

The spacing A1 = I - I between two successive thresholds is n+l n 
given by AI/I = 8n(B/u)(X/n L). Due to the very small ratio X/L, th 0 
the quantity AI/Ith is typically of the order of 2+3%.  

As anticipated in Sec.2, the angular momentum balance Eq.(6) 

can be also used to investigate the stability of the solution 4 = 0, 
a=a(I,>. Assuming a very small perturbation 64(t) of this state, in 

fact, Eqs.(6) and (8) yield 6; =k6e = -2k6$sin[a(Io)], with k a po- 

sitive proportionality constant. Then, we see that if the intensity 

I, is so that sin[a(I,>] < 0, 6 6  has the same sign of 6 4  and the 
@-fluctuation is enhanced, yielding instability. A simple inspection 
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168 G .  ABBATE ET AL. 

shows that the state 4 = 0 changes its stability at each branching 

point I, = In. The unstable states are represented by dotted curves 

in Fig.1. 

FIGURE 1. Azimuthal angle $ as a function of the reduced laser 
intensity I/Ith. The parameter on the curves is the optical 
phase retardation a .  On each $-curve a is locked to an integer 
number of IT. 

The simple model presented in this Section assumes a negligible 

twist in the sample. For this reason, the branches in Fig.1 corres- 

ponding to odd n appear to be stable for any value of the intensity 

I,. We expect, instead, that when the intensity is increased and $ 

goes out of the plane $=O following one of the stable branches in 

Fig.1, the distribution of neein the sample becomes more and more 

twisted. This produces an accumulation of elastic energy that final- 

ly relaxes driving the system to a new equilibrium state having a 

very small angle $. The stability of the branches Q = $, (n odd) is 

therefore lost at high enough intensity I,. This behavior was effec- 
tively observed in the experiment. 
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MULTISTABILITY. HYSTERESIS AND OPTICAL PHASE LOCKING I69 

THE EXPERIMENT 

A rough but very usual way of observing the laser-induced reorienta- 

tion in nematics is to look at the diffraction ring pattern occur- 

ring in the far field of the incident beam beyond the sample. Each 

ring corresponds roughly to a change of 2n in the phase retardation 

a. Therefore, if one just counts the rings, the sensitivity in mea- 
suring a is of the order of IT. A more accurate measure of a is obta- 

ined by sending a weak laser beam in the sample to probe its bire- 

fringence, e.g. by monitoring the light through crossed polarizers. 

With this method the accuracy on a may be improved, but it still 

does not allow independent measurements of the optical phase retar- 

dation angle a and the azimuthal angle $. In order to verify the 

provisions of the model presented above, we need an experimental 

equipment able to give accurate and independent determinations of CL 

and (I. We then used a probe He-Ne beam inserted into an heterodyne 
interferometer/polarimeter scheme, which gives a real-time complete 

information on the polarization of the probe beam after having tra- 

versed the sample. This apparatus was presented elsewhere12. Using 

this apparatus, we may reach an accuracy on the $ and ~1 angles of 

the order of +lo. Moreover, in order to resolve the structure shown 

in Fig.1, we should control the intensity of the pump laser beam 

within an accuracy of a few percent. For the sample used in the ex- 

periment (nematic E7 film , 120pm thick) the threshold power needed 
to induce the OFT was found of about 180mW, so that, in the measure- 

ments, we varied the power in steps of 1mW each (the long term sta- 

bility of our argon laser Coherent Innova 9013 was of about 5%). 
In the experiment, we used two different polarizations of the 

probe beam: linear polarization at 90" with respect to the polariza- 

tion of the Ar+ laser and circular polarization. In the first case, 

we observed that the probe light emerged from the sample elliptical- 

ly polarized. On the other hand, if I$ remained zero, no variation of 

the polarization state of the He-Ne beam should be observed, only an 
ordinary wave being excited by the probe in the sample. The fact 

that the probe beam was found elliptically polarized, while not per- 
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170 G. ABBATE ET AL 

150 200 250 300 
POWER (mW) 

FIGURE 2. Birefringence angle CC as a function of the power of 
the pumping laser beam. 
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170 I 9 0  21 0 

POWER (mW) 
FIGURE 3. Birefringence angle a as a function of the power of 
the pumping laser beam. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

9:
34

 1
9 

Fe
br

ua
ry

 2
01

3 



MULTISTABILITY, HYSTERESIS AND OPTICAL PHASE LOCKING 171 

mitting an accurate estimate of a, gives a qualitative evidence that 

the director n is moved out of the argon polarization plane. 

In order to obtain a more accurate measure of the optical phase 

retardation a, we made the probe beam circularly polarized. The re- 
sults are presented in Figs.2 and 3, where the measured birefringen- 
ce angle CL is reported as a function of the power of the argon beam. 

Figure 2 shows the large-scale behavior of a(I,), when the in- 

tensity is varied in large steps and the accuracy on the measure of 

a is not very high. We see that the overall behavior of a(1,) fol- 

lows closely the development of the rings in the far-field pattern, 
1 as reported by many other authors . In Fig.3, instead, we expanded 

the near-threshold zone, on a smaller scale. The occurrence of bi- 

stability, hysteresis and optical phase-locking is evident. In par- 

ticular we observed two plateaux corresponding to a locking of the 

birefringence angle a at roughly TI and 37 (the discrepancy is due to 

the difference in wavelength between the pump and probe beams). The 

optical phase locking phenomenon was also supported by the fact that 

at all points on the plateaux AIBl and A,B,the ring pattern in the 

far-field of the pump beam was "frozen'' to only an aloe and to one 

ring in the two cases, respectively. When the pump intensity was 

slightly increased above the value corresponding to the point B, in 

the Figure, the system switched to a state characterized by four 

rings in the Ar+ laser far-field (point C , ) .  If the intensity was 

slowly decreased the rings in the far-field collapsed to the center 

of the pattern and the corresponding birefringence a lowers until 
point A ,  was reached again. Further decreasing the argon intensity, 

a new phase locking was observed, corresponding to an aloe in the 

Ar+ laser far-field, after which the system decayed below the thre- 

shold to the undistorted state. The jump from point B, to point C, 

was not provided by the simple model outlined in Sec.3, but we beli- 

eve that it is due to accumulation of twist elastic energy that sud- 
den is delivered. 

In conclusion, we think that the results reported in Figs.2 and 

3 give the first experimental evidence that also in the simplest 
case, namely in the case of linear polarized light at normal inci- 
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172 G .  ABBATE ET AL 

dence, the OFT in homeotropically aligned nematics may present pecu- 

liar aspects intimately connected to the angular momentum carried by 

photons. 
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